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NP-hard combinatorial optimization problems (COPs) are known to
be very complex and expensive to solve with traditional computers.
COPs can be mapped onto many different kinds of architecture, such
as fully digital [1-3], event based [4], oscillators [5-6], Optical LASER
[7], Qbits, or pure analog approach [8-9]. We propose a scalable pure
analog clock-free continuous-time dynamical system to solve COPs
in hardware.

Many well-known real-world applications can be modeled as
combinatorial optimization problems (COPs), including autonomous
vehicles, EDA tools, supply chain optimization, or flight network
scheduling. A recently proposed deterministic, continuous-time
dynamical system (CTDS) [8-9] shows promising results to solve
COPs as shown in Fig. 1. The mathematical equations behind the
system are precisely mapped onto the hardware which minimizes the
energy of the system and the final state is a solution. Boolean
satisfiability (k-SAT) is canonical NP-complete problems and is the
problem of determining if there exists an interpretation that satisfies
a given boolean formula. In this paper, we use 3-SAT as our template
problem to demonstrate two things through the measurement on a
65nm CMOS hardware. 1) when the constraint density is beyond a
certain threshold, the analog trajectories become transiently chaotic.
2) This CTDS shows polynomial analog time-complexity but with the
expense of exponential fluctuations in its energy function. This
system architecture can map up to 50 variables and 212 clauses and
is highly modular and programmable for handling different problem
specifications.

Fig. 2 shows both the high-level system architecture as well as the
floorplan of the testchip. The system contains four components: (1)
50 continuous cells, which hold the dynamic and analog values of
each continuous variable before the system converges. Each
continuous cell is constructed with two back-to-back inverters and
control gates. (2) 212 clauses, which contribute to the dynamic
behavior of the system and respond to the connected continuous
cells. (3) 50 x 212 cross-bar connection arrays, each cross point
contains a pair of switches. The array controls the connectivity
between 212 clauses and 50 continuous cells. (4) Verification tree,
which hierarchically checks if all clauses are satisfied.

Fig. 3 shows an example mapping from a classical 3-SAT problem
onto the proposed system. In the example problem, clause 1 is the
disjunction of S8, S10, and S2; clause 2 is the disjunction of S2, S8,
and S1 ... etc, and after mapping the corresponding cross points are
closed. If we take a closer look at S10 specifically, clauses 1, 41, and
42 are all constrained by either S10 or its negation, therefore while
some of them are trying to pull S10 high, some of them will try to pull
it low. The comparison between the proposed architecture and a
conventional CPU running C-code dynamics solver was also
conducted, each problem size N was tested with at least 1000
problems. From the result the proposed architecture not only is
comparable when the size of the problems is small, it's at least 10
times faster when the problem size is reasonable large.

Fig. 4 shows the detail circuit of each clause which contains (1)
Aucxiliary variable circuit (AVC) implementing the dynamics of time-
dependent auxiliary variables. If none of the three continuous
variables in the clause is satisfied, the auxiliary variable will keep
increasing and eventually dominates the clause dynamic. (2) Signal
dynamic circuit (SDC) implementing the dynamics of one continuous
variable. This block can be further separated into two parts, the first
part takes in three continuous variables and try to reach the
consensus, the second part takes in the auxiliary variable which
would eventually dominates as time elapses if the clause is not
satisfied. The first part could be treated as the main operator and the
second part as the safeguard to prevent the system from getting
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stuck at local minima. (3) Digital
verification circuit (DVC) simply
checking whether the current
clause is satisfied.

Fig. 5 shows a measured transient
behavior of an example problem. In
the waveform three example
continuous  variables, system
convergence signal, and reset
signal are plotted from top to
bottom respectively. After the
hardware is programmed, we
release the system and wait for the
convergence, we can see from the
figure that once the system converges, all the continuous variables
are converged to either zero or one.

Even with the same problem size, some problems are intrinsically
more difficult than the others, thus we are particularly interested in
how the continuous-time dynamic system behaves visually in the 3D
space. To do so we conducted a batch of measurements on the
hardest benchmark k-SAT and sort the transient data based on their
convergence time. We then plot four different level of convergence
time in the 3D space, as shown in Fig. 5. For each 3D figure, the axis
are the values of each of the three continuous variables, and the
color represents normalized time stamp throughout the transient
behavior. We can see that while for easy problems the system
quickly reaches the convergence point, for medium-level problems
the system searches in the space for a while. For some difficult
problems the system takes a long time searching through the space
but eventually reaches the convergence point. However, for some
extreme cases the system doesn’t reach the convergence and
instead randomly search in the space chaotically.

Fig. 6 demonstrates the measured data over 1000 problems from the
standard benchmark k-SAT for each problem size. First plot
demonstrates the relationship between the chaotic level and the
problem difficulty, it can been seen that the trend of the chaotic level
follows the trend of the convergence time throughout different
problem difficulty. Second plot shows the relationship between the
ratio of clause/variable (M/N) and the convergence time, we can see
that as the ratio of M/N increases from 0.2 to 4.2, the convergence
time dramatically increases, which is expected as problems with
constraint density M/N = 4.25 are proved to be the hardest problems.
The third plot demonstrates the solvability for each difference
problem sizes. While we notice a dramatic solvability degradation
after N=30, the main reason causing this is that once the auxiliary
variable saturates, the system enters the phase where it starts
randomly searching in the solution space and since it is not strictly
obeying the mathematical equations, it is not guaranteed to find the
solution. To prove this, we show that by increasing the core voltage
from 1 volt to 1.2 volts, since the physical limitation of the auxiliary
variable is slightly relieved, some very hard problems become
solvable and thus the solvability slightly improved.

We compare prior works with our design in Fig. 6. This is the first
design that relies of a system of coupled differential equations to
solve the canonical SAT problem.
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